Abstract. We prove the following results (1) (2) (3) on relations between n-links and their components.
Introduction and main results
We work in the smooth category.
An (oriented) (ordered) m-component n-(dimensional) link is a smooth, oriented submanifold L = {L 1 , ..., L m } ⊂ S n+2 , which is the ordered disjoint union of m manifolds, each PL homeomorphic to the n-sphere. If m = 1, then L is called a knot.
We say that n-links L and L ′ are equivalent if there exists an orientation preserving diffeomorphism f :
′ is an orientation and order preserving diffeomorphism. If n-knot K bounds a (n + 1)-ball ⊂ S n+2 , then K is called a trivial (n-)knot. We say that m-component n-dimensional links, L and L ′ , are said to be (link-)concordant or (link-)cobordant if there is a smooth oriented submanifold C={C 1 ,...,C m } ⊂ S n+2 × [0, 1], which meets the boundary transversely in ∂ C, is PL homeomorphic to L × [0, 1] and meets S n+2 × {0} in L (resp. S n+2 × {1} in L ′ ). An n-link L is called a slice link if L is cobordant to a trivial link. We prove: Note. In §2 we review the Arf invariant and the signature.
Furthermore we prove 1-dimensional version of Theorem 1.1. Note. The Saito-Sato-Levine invariant is defined in [30] The Kirk-Livingston invariant is defined in [15] .
In order to continue to state our main results, we need some more definitions. An n-link L = (L 1 , ..., L m ) is called a ribbon n-link if L satisfies the following properties.
(1) There is a self-transverse immersion f :
(2) The singular point set C (⊂ S n+2 ) of f consists of double points. C is a disjoint union of n-discs D It is well-known that it is easy to prove that all ribbon n-links are slice. It is natural to consider the following.
The n = 1 case holds because the Hopf link is an example. In [22] , the author gave the affirmative answer to the n = 2 case. In this paper we give the affirmative answer to the n ≥ 3 case. We prove:
Furthermore we have the following.
is the attach part of h. Then we obtain an n-knot from L 1 and L 2 by this surgery. The n-knot is K.
The set
Note: Suppose that a triple (K 0 , K 1 , K 2 ) of n-knots is band-realizable. Then
, where [X] represents an element in the homotopy sphere group Θ n . See [11] for Θ n .
It is natural to consider the following.
of n-knots band-realizable?
By using the results in [6] [12] [13] , we can prove: we have the affirmative answer to the n = 1 case. By using [31] , we can prove: if K 0 , K 1 , K 2 are ribbon n-knots (n ≥ 2), we have the affirmative answer. In [22] , the author proved:
such that L i is the trivial knot and that a band-sum of L is a nonribbon knot. 'Nonribbon case' of the n-dimensional version (n ≥ 2) is not solved completely. Thus, in this paper, we consider the following problems C, D, which are the special cases of Problem B.
Problem C. Is there a set of three n-knots K 0 , K 1 , K 2 such that the triple (K 1 , K 2 , K 3 ) is not band-realizable?
In this paper we give the affirmative answer when n is odd and n ≥ 3. (Theorem 1.4, 1.5.)
Problem D. (1) Is there a set of one nonribbon n-knot K 0 and two ribbon n-knots K 1 , K 2 such that the triple (K 1 , K 2 , K 3 ) is band-realizable? (2) Is there a set of one nonribbon n-knot K 0 and two trivial n-knots K 1 , K 2 such that the triple (K 1 , K 2 , K 3 ) is band-realizable?
In [22] , the author gave the affirmative answer to the n = 2 case. In this paper we give the affirmative answer to the n ≥ 3 case. ( Theorem 1.6. ) Theorem 1.4. Let 2m + 1 ≥ 3. There is a set of three (2m + 1)-
is not band-realizable. Theorem 1.4 is deduced from Theorem 1.5.
Then there is a nonribbon n-knot K such that the triple (K, T, T ) is band-realizable. Furthermore we have the following.
Then there is a slice and nonribbon (2m + 1)-knot K such that the triple (K, T, T ) is band-realizable.
Note. All even dimensional knots are slice. ( [10] .) [26] includes the announcement of this paper. Our organization is as follows:
§2 Seifert matrices, the signature and the Arf invariant of n-knots (resp. n-links) §3 Some properties of band-sums §4 Proof of Theorem 1. [9] and that of [2] . In §10, we give a short proof of the main theorem of [7] .
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Seifert matrices, the signature and the Arf invariant of n-knots (resp. n-links) See the n = 1 case [8] [20] [27] . See the n ≥ 2 case [16] [17] . m · t A represents the map {H(V ; Z)/Tor} ×{H(V ; Z)/Tor} → Z, which is defined by the intersection product.
The signature σ(K) of K is the signature of the matrix A + t A. Therefore, we have:
Claim.If 2m + 1 = 4k + 3(≥ 3), the signature of K coincides with the signature ofV , whereV is the closed oriented manifold which we obtain by attaching a (4k + 4)-dimensional 0-handle to ∂V .
, then σL is the signature of the closed oriented manifoldV , whereV is the closed oriented manifold which we obtain by attaching (4k+4
. There are two cases.
(1) Let 4k + 1 ≥ 5. The Arf invariant of L is defined in the same manner as the knot case.
(2) Let 4k
. See e.g. Appendix of [14] .
Some properties of band-sums
In our proof of main results we use the following properties of band-sums.
Proof of (1)(2)(3). We need a lemma.
There is a Seifert hypersurface V for L such that V ∩ h is the attach part of h.
. By the following Claim 3.3, the above Lemma 3.2 holds. Claim 3.3 is proved by an elementary obstruction theory. (The author gave a proof in Appendix of [23] .) Claim 3.3. Let X be a compact oriented (n + 2)-manifold with boundary. Let M be a closed oriented n-submanifold ⊂ X. We do not suppose that
Suppose that n is odd and that n ≥ 3. By Lemma 3.2, a Seifert matrix of L is a Seifert matrix of K. By [16] , [17] , Proposition 3.1. (1), (2), hold. Furthermore Proposition 3.1.(3) holds when n is odd and n ≥ 3.
Suppose that n is even. By [10] , all even dimensional knots are slice. Hence Proposition 3.1.(3) holds when n is even. Proof of (5). Proposition 3.1. (5) holds by the definition of ribbon links.
n+3 , such that D meets the boundary transversely in ∂ C and that
. Then we can make a slice disc for K from D. 4 Proof of Theorem 1.1.(1)
Proof. We prove:
with the following properties.
(
Proof of Lemma 4.1. We first prove:
Claim.In order to prove Lemma 4.1, it suffices to prove the case where K is a simple knot.
Note. See [17] for simple knots. Recall: If an (2w + 1)-knot K is a simple knot, then there is a Seifert hypersurface V for K with the following propositions. (1) π i (V ) = 0 i ≤ w. (2) There are embedded spheres in V such that the set of the homology classes of the spheres is a set of generators of H w+1 (V ; Z).
Proof of Claim. Take a collar neighborhood of
into the inside. By [17] , there is an embedding f :
( (1), (2), and (3) in Lemma 4.1. This completes the proof of the above Claim.
We prove Lemma 4.1 in the case where K is a simple knot. There is a Seifert hypersurface V for K with the following properties: (1)
(2) There are embedded spheres in V such that the set of the homology classes of the spheres is a set of generators of H 2k+1 (V ; Z).
Then we have:
, and
By Claim 3.3, there is a compact oriented (4k
Take the Meyer-Vietoris exact sequence:
Consider the following part of the above sequence:
By using the Poincaré duality and the universal coefficient theorem, we have
Hence there is a set of basis x 1 , ..., x µ , y 1 , ..., y µ ∈ H 2k+1 (V ; Z 2 ) with the following properties.
(1) x i · x j = 0, y i · y j = 0, x i · y j = δ ij , where · denote the intersection product.
(2) Let f be the above map
We prove: There is a basisx 1 , ...,x µ ,ȳ 1 , . ..,ȳ µ ∈ H 2k+1 (V ; Z 2 ) with the following properties.
(1)x i ·x j = 0,ȳ i ·ȳ j = 0,x i ·ȳ j = δ ij , where · denote the intersection product.
Let α be a Z 2 -(2k + 2)-chain in W which bounds x i . Let β be a Z 2 -(2k + 2)-chain in S 4k+3 which bounds x i . Then γ =α ∪ β is a Z 2 -(2k + 2)-cycle in B 4k+4 . We prove:
Push off α to the positive direction of the normal bundle of W in X. Call it α + . Note α + bounds x + i . By considering the collar neighborhood S 4k+3 ×[0, 1], we have that the Z 2 -intersection product γ ·γ is the mod 2 number of the points α + ∩ β. It holds that mod 2 lk(x + , x) is the mod 2 number of the points α + ∩ β.
Claim.The Z 2 -intersection product γ · γ in B 4k+4 is zero.
Proof. H 2k+2 (B; Z 2 ) = 0. Hence γ · γ = 0. This completes the proof of Lemma 4.1. We go back to the proof of Theorem 1.1.(1). In [26] , the author proved the following. [25] includes the announcement.
In order to prove Theorem 1.1. (1), it is suffices to prove that Arf
Take L 0b ♯L 1b . By using Q, we can make a manifold like M in Lemma 4.1 for L 0b ♯L 1b . By Lemma 4.1, we have Arf L 0b =Arf L 1b .
Since L 1 is a boundary link, there is a Seifert surface V 1a for L 1a ( resp. V 1b for L 1b ) such that V 1a ∩ V 1b = φ. Let K 1 be a band-sum of L 1 along a band h such that h ∩ {V 1a ∐ V 1b } is the attach part of h. By considering V 1a , V 1b , and h, we have Arf
Let K 0 be a band-sum of L 0 . By Proposition 3. 
This completes the proof of Theorem 1.1.(1). Note. (1) If bP 4k+2 ∼ = Z 2 , the proof of Theorem 3.5. (1) is easy. See [11] for bP 4k+2 . Because: An arbitrary n-knot bounds a Seifert hypersurface. An arbitrary Seifert hypersurface is a compact oriented parallelizable manifold. There- 
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Proof of Theorem 1.1.(2) 
Proof. Put the Conway polynomial
The Saito-Sato-Levine invariant β( ) ∈ Z 4 is defined in [30] for L = (L 1 , L 2 ) whose linking number is even. It is a generalization of the Sato-Levine invariant ∈ Z 2 in [29] .
Let lk(L) be even. By Theorem 4.1 of [30] , The Kirk-Livingston invariant λ( ) is defined in [15] . By the definition of λ( ) and Theorem 6.3 of [15] , it holds that: 
Proof of (1). By 
Proof of the 2m + 1 = 4k + 1 ≥ 5 case. There is a (4k + 1)-knot (4k + 1 ≥ 5) whose Arf invariant is zero (resp. nonzero). Proof of the 2m + 1 = 4k + 3 ≥ 3 case. There is a (4k + 3)-knot (4k + 3 ≥ 3) whose signature is zero (resp. nonzero).
Proof of Theorem 1.3.(2)
Proof of the 2m + 1 = 4k + 1(≥ 1) case. We prove:
We can suppose that a Seifert matrix of L 1 associated with V 1 represented by basis a, b is 1 1 0 0 .
We can suppose that a Seifert matrix of One way of construction of K is the following one: Take a ball
(Pass-moves for 1-knots are defined in [8] . Pass-moves for (2n + 1)-knots are defined by the author in [24] .
A + t A is a (4 × 4)-matrix. Hence σ(A + t A) = 0. Hence K is nonslice. By Proposition 3.1.(4), L is nonslice. This completes the proof when 2m + 1 = 4k + 1(≥ 5). Proof of the 2m + 1 = 4k + 3(≥ 3) case. We prove:
Let a, b be basis of
We can suppose that a Seifert matrix of L 2 associated with V 2 represented by basis c, d is 0 1 0 1 .
We can suppose that a Seifert matrix of K associated with V represented by basis a, b, c, d is (2) By using the above link L, we can give a short alternative proof to one of the main results of [2] , [9] . The theorem is that there is a boundary (2m+1)-link (2m + 1 ≥ 1) which is not cobordant to any split link. Proof: If the above link L is concordant to a split link, then L is slice. Therefore L is a boundary link which is not cobordant to any split link.
[19] prove a theorem which is close to this theorem but different from this theorem.
(3) We give a question: Do we give some answers to Problems in §1 by using [3] 
Proof of the n ≥ 3 case. Recall that the following facts hold by Theorem 4,1 of [5] or by using the Mayer-Vietoris exact sequence. See, e.g., §14 of [17] for the Alexander polynomials. See, e.g., p.160 of [Rolfsen] and [16] for the Alexander invariant. Let X K denote the canonical infinite cyclic covering of the complement of the knot K.
for a rational number a and an integer b and we can put ∆ K (1) = 1.
(n) has a simply connected Seifert hypersurface, then K (n+1) has a simply connected Seifert hypersurface.
We prove:
Proof. Since K is ribbon, there is a Seifert hypersurface V which is diffeo-
. By using the Mayer-Vietoris exact sequence, it holds that
Then there is the Mayer-Vietoris exact sequence:
is exact, where µ is a nonnegative integer. Therefore Proposition 10.4 holds.
Take
Claim. L is slice and nonribbon. Proof. Firstly we prove that L is slice. Take
2 is a set of slice discs for L. Hence L is slice. Secondly we prove that L is nonribbon. Take Seifert hypersurfaces V 1 and V 2 in the proof of Theorem 1. 
1 , L
2 ) be the above 3-link L = ( L 1 , L 2 ). For any band-sum K (3) of L (3) , H 2 (X K (3) ) has Q[t, t
2 ) (n ≥ 3). We can take h (n) and h (n+1) so that the band-sum
is a spun knot of K (n) . ( Put the core of the band in the axis of the rotation. )
By Theorem 10.2 and Proposition 10.3, H 2 ( X K (n) ; Q) ∼ = H 2 ( X K (3) ; Q) (n ≥ 3). Hence H 2 (X K (n) ) has Q[t, t −1 ]-torsion. By Proposition 10.4, K (n) is nonribbon (n ≥ 3). By Proposition 3.1. (5), L (n) is nonribbon. Since L (n) is a spun link, L (n) is slice (n ≥ 4). Hence L (n) is slice (n ≥ 3). This completes the proof of the n ≥ 3 case. Proof of the n = 2 case In [22] the author made a nonribbon 2-link as follows: Let K be a 2-knot. Let N (K) be a tubular neighborhood. We made a way to construct a 2-link 
) is a set of slice discs for L K ′ . Note. (1) By using this section we can give a short alternative proof of the main theorem of [7] : there is a nonribbon and slice n-knot (n ≥ 3).
( Nonribbon 2-knots and nonribbon 1-knots are known before [7] is written as [7] quoted. ) (2) In Proposition 10.4, furthermore, we can prove that H i ( X K ; Z) = 0 for 2 ≤ i ≤ n − 1.
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Proof of Theorem 1. Proof. K and L = (L 1 , L 2 ) in the proof of Theorem 1.3. (2) give examples.
